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Abstract
The κ-deformed dual pair of Poincare´ algebra and Poincare´ group is formu-
lated in the framework of Heisenberg doubles. The covariant κ-deformed phase
space is described in detail as a subalgebra. The realizations of proposed alge-
braic scheme are considered.
1 The Heisenberg double of κ-Poincare´ algebra
It is known that from a pair of dual Hopf algebras describing the quantum symmetry
group A and its dual quantum Lie algebra A∗ one can construct three different double
algebras: Drinfeld double and Drinfeld codouble, both with Hopf algebra structure,
and Heisenberg double, which is not a Hopf algebra. Heisenberg double describes the
semidirect product of the algebra of vector fields acting on the functions of quantum
group and represents algebraic generalization of the notion of cotangent double on the
group, i.e. describes the generalization of the phase space for the group manifolds.
In the present note we apply the notion of Heisenberg double of a bialgebra (see
[1]) in the case of the κ-deformation of Poincare´ algebra and its dual group [2, 3].
The Heisenberg double of κ-Poincare´ algebra H(Pκ) contains as its subalgebra another
Heisenberg double which turns out to be the κ-deformed phase space.
We discuss in κ-deformed phase space the deformed uncertainty relations for this phase
space which depend on two parameters: the Planck’s constant h¯ and the deformation
parameter κ with mass dimension. One of the important problems in the phase space-
formalism is the canonical change of phase space coordinates, leaving invariant the
Heisenberg canonical commutation relations. In the Heisenberg double description the
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object which we would like to leave invariant under canonical transformations are the
scalar products defining the duality relations. The problem of changing the basis in
dual configuration space introduced by the nonlinear changes of fourmomentum gen-
erators we formulate in the language of the finite difference equations.
The deformation of the Heisenberg commutation relations has been studied in gen-
eral algebraic framework by Kempf [4]. The deformation of classical relativistic sym-
plectic structure for κ-Poincare´ was discussed earlier in [5, 6]. Recently the link between
the noncommutativity of the spacetime coordinates in κ-deformed Minkowski space and
the effects of quantum gravity was considered also by Amelino-Camelia [7].
1.1 Heisenberg double
Let {Aa} be a linear basis of bialgebra A with the following
- multiplication relations:
Aa ◦ Ab = f cabAc (1.1a)
- co-multiplication relations:
∆(Aa) = h
bc
a Ab ⊗ Ac (1.1b)
We recall the following definition [1]
Def. The Heisenberg double H(A) of bialgebra A is an associative algebra with
a basis {Aa, Bb} satisfying
Aa ◦ Ab = f cabAc (1.2a)
Ba ◦Bb = habc Bc (1.2b)
Ba ◦ Ab = faedhceb Ac ◦Bd (1.2c)
The bialgebra A and dual A∗ are equivalent to subalgebras spanned by the basis {Aa}
and {Bb} respectively.
The multiplication given by the formula (1.2c) can be derived from a left action of
a dual algebra A∗ on A defined as follows
b ⊲ a = a(1) < b, a(2) > b ∈ A∗, a ∈ A (1.2d)
where we use Sweedler’s notation for coproduct ∆(a) = a(1) ⊗ a(2). In particular using
duality relation between multiplication and comultiplication one gets
b ⊲ aa˜ = (aa˜)(1) < b, (aa˜)(2) >= (aa˜)(1) < ∆(b), a(2) ⊗ a˜(2) >=
= (aa˜)(1) < b(1), a(2) >< b(2), a˜(2) >= a(1) < b(1), a(2) > (a˜(1) < b(2), a˜(2) >) =
= a(1) < b(1), a(2) > (b(2) ⊲ a˜) = (b ◦ a) ⊲ a˜
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and we obtain
b ◦ a = a(1) < b(1), a(2) > b(2) (1.2e)
The multiplication (1.2c) is equivalent to the commutation relations (1.2e). In partic-
ular, for a linear basis {Aa} and {Bb} we have
∆(Aa) = h
ce
a Ac ⊗ Ae = Aa(1) ⊗ Aa(2)
∆(Bb) = f bcdB
c ⊗ Bd = Bb(1) ⊗ Bb(2)
and the formula (1.2e) becomes (1.2c).
1.2 κ-Poincare´ algebra
We choose the following realization of the κ-Poincare´ algebra in bicrossproduct basis
[2, 8]
(µ, ν, λ, σ = 0, 1, 2, 3; i, j = 1, 2, 3 and gµν = gµν = (−1, 1, 1, 1))
-algebra sector:
[Pµ, Pν ] = 0
[Mµν ,Mλσ] = ih¯ (gµσMνλ + gνλMµσ − gµλMνσ − gνσMµλ)
[Mij , Pµ] = −ih¯ (giµPj − gjµPi)
[Mi0, P0] = ih¯Pi
[Mi0, Pj] = iδij
(
h¯2κ sinh(P0
h¯κ
)e−
P0
h¯κ + 1
2κ
~P 2
)
− i
κ
PiPj (1.3)
-coalgebra sector:
∆(Mij) = Mij ⊗ I + I ⊗Mij
∆(Mk0) = Mk0 ⊗ e−
P0
h¯κ + I ⊗Mk0 + 1h¯κMkl ⊗ Pl
∆(P0) = P0 ⊗ I + I ⊗ P0
∆(Pk) = Pk ⊗ e−
P0
h¯κ + I ⊗ Pk (1.4)
where h¯ denotes Plank’s constant and κ deformation parameter. The formulas for the
antipode and counit are omitted because they are not essential for this construction.
1.3 κ-Poincare´ group
Using the following duality relations
< xµ, Pν > = ih¯δ
µ
ν < Λ
µ
ν ,Mαβ > = ih¯(δ
µ
αgνβ − δµβgνα) (1.5)
we obtain the commutation relations defining κ-Poincare´ group [3, 8] in the form
-algebra sector:
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[xµ, xν ] = i
κ
(δµ0x
ν − δν0xµ)
[Λµν , x
λ] = − i
κ
(
(Λµ0 − δµ0 )Λλν + (Λ0ν − δ0ν)gµλ
)
[Λµν ,Λ
α
β ] = 0 (1.6)
-coalgebra sector:
∆(xµ) = Λµα ⊗ xα + xµ ⊗ I
∆(Λµν) = Λ
µ
α ⊗ Λαν (1.7)
The commutation relations (1.3) and (1.6) one can supplement by the following rela-
tions obtained from (1.2c) or (1.2e)
-cross relations:
[Pk, xl] = −ih¯δkl [P0, x0] = ıh¯
[Pk, x0] = − iκPk [P0, xl] = 0
[Pµ,Λ
α
β ] = 0
[Mαβ ,Λ
µ
ν ] = ih¯
(
δ
µ
βΛαν − δµαΛβν
)
[Mαβ , x
µ] = ih¯
(
δ
µ
βxα − δµαxβ
)
+ i
κ
(
δ0βMα
µ − δ0αMβµ
)
(1.8)
where
Mα
µ = gµρMαρ M
µ
α = g
µρMρα (1.9)
The relations (1.3), (1.6) and (1.8) give us the Heisenberg double H(Pκ) of κ-
Poincare´ algebra in terms of commutation relations.
2 κ-Deformed Phase Space
Let us consider subalgebra of H(Pκ) given by the following
- commutation relations:
[xk, xl] = 0 [Pµ, Pν] = 0
[x0, xk] =
i
κ
xk
[xk, Pl] = ih¯δkl [xk, P0] = 0
[x0, Pl] =
i
κ
Pl [x0, P0] = −ih¯
(2.1)
which describe the κ-deformed phase space. For κ → ∞ we get the standard nonde-
formed phase space satisfying the Heisenberg commutation relations. This phase space
one can obtain immediately using the relations (1.2) to the commuting fourmomentum
algebra with noncocommutative coproduct (1.4).
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2.1 Realization of κ-deformed phase space algebra in terms of
standard phase space variables
It is easy to see that the commutation relations (2.1) can be realized in a Hilbert
space in terms of standard undeformed momentum and position operators satisfying
the Heisenberg commutation relations [6]
[xˆµ, pˆν ] = ih¯gµν (2.2)
then we can define:
xk = xˆk x0 = xˆ0 +
1
2κh¯
(xˆipˆi + pˆixˆi) Pµ = pˆµ (2.3)
Equivalently, we can describe this transformation introducing the operator
U = e
i
2κh¯2
(xˆk pˆk+pˆkxˆk)pˆ0 (2.5)
then we get
xk = xˆk x0 = Uxˆ0U
−1 Pµ = pˆµ (2.6)
It appears that for an arbitrary invertible operator U , the algebra generated by xµ, Pν
satisfies the Jacobi identity. Therefore, such an operator U describes some general class
of deformations of the standard phase space given by (2.2)
2.2 κ-deformed Heisenberg uncertainty relations
Introducing the dispersion of the observable a in quantum mechanical sense by:
∆(a) =
√
< a2 > − < a >2 (2.7)
we obtain the nonvanishing κ-deformed uncertainty relations in κ-deformed phase space
as form
∆(x0)∆(xk) ≥ 12κ | < xk > |
∆(Pk)∆(xl) ≥ 12 h¯δkl
∆(P0)∆(x0) ≥ 12 h¯
∆(Pk)∆(x0) ≥ 12κ | < Pk > | (2.8)
which become the standard ones in the limit κ→∞.
2.3 Remark on changing the basis
It is obvious, that for our choice of the basis in phase space, the following general
duality relations hold (r, s = 1, 2, 3):
< xk0x
l
s, P
n
r P
m
0 >= (h¯)
k+lδrsδ
lnδkmk!l!(−i)k(i)l (2.9a)
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< xlsx
k
0, P
n
r P
m
0 >=


(h¯)k+lδrsδ
ln k!l!
(k−m)!
(
− n
κh¯
)k−m
(−i)k(i)l k ≥ m
0 k < m

 (2.9b)
and for any polynomial functions ψ(x0, ~x) and f(P0, ~P ) the duality pairing has the form
<: ψ(x0, ~x) :, f(P0, ~P ) >= f(−ih¯∂0, ih¯ ~▽)ψ(x0, ~x)|x=0 (2.10)
where : ψ : denotes odered function ψ with all powers of x0 to the left.
Let us consider the following change of the basis of κ-Poincare´ algebra:
P˜i = Pie
P0
κh¯ = Pik(P0) (2.11a)
P˜0 = κh¯ sinh
(
P0
κh¯
)
+
1
2κh¯
~P 2k(P0) = h(P0, ~P
2) (2.11b)
which transforms to the standard, nondeformed basis of the Poincare´ algebra.
From the duality relations for the phase space, the corresponding space-time {x˜l, x˜0}
related to the transformed momentum space {P˜l, P˜0} i.e.
< x˜l, P˜k >= ih¯δkl < x˜0, P˜0 >= −ih¯ (2.12)
is given by
x˜l =: Fl(x0, ~x) : x˜0 =: F0(x0, ~x) : (2.13)
where the functions Fl and F0 satisfy the following differential equations:
(
κ
2
(1− e 2iκ ∂0)− 1
2κ
△
)m
∂nr
(
F k0 (x0 − i
m+ n
κ
, ~x)· (2.14)
F ls(x0 − i
m+ n
κ
, ~x)
)
|x=0= (−i)kk!l!δrsδlnδkm (2.15)
in particular for l = n = 0
(
κ
2
(1− e 2iκ ∂0)− 1
2κ
△
)m
F k0 (x0 − i
m
κ
, ~x) |x=0= (−i)kk!δkm (2.16a)
for k = m = 0
∂nr F
l
s(−i
n
κ
, ~x) |~x=0= n!δrsδln (2.16b)
2.4 Final remarks
In this note we presented the κ-deformed phase space for the standard version of
κ-deformation, which introduces the ”quantized” nature of time coordinate. An anal-
ogous discussion can be presented in the case of generalized κ-deformation (see [9, 10]
and the lecture of Maslanka) describing fourdimensional space-time relativistic sym-
metries with one arbitrary direction becoming ”quantum” after the κ-deformation. It
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should be recalled that the clasification of the deformations of D=4 Poincare´ group
has been presented recently by Podles and Woronowicz [11]. Taking into account the
clasification of classical r-matrices or D=4 Poincare´ algebra by Zakrzewski [10] it would
be interesting to describe all possible deformed quantum phase spaces obtained by the
Heisenberg double construction for known variety of deformed D=4 fourdimensional
relativistic symmetries.
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